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Problem 1

The gamma function I'(z) is defined for z > 0 as

F(m):/ et
0

Also, the beta function B{z,y) is defined as
1
B(z,y) = / 21— )Lt
0
with z > 0 and % > 0. Then, answer the following questions.
(1) Calculate I'(n) for any natural number n.
(2) Show B(z,y) = Bly, ).

(3) Prove that the gamma and beta functions are related to each other through

Iz {y) = 'z +y)Blz,y).

(4) Calculate the definite integral given by

1
I :/ (1 ¢%)"dt,

1

where n is any natural number.
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Problem 2

1 —1 —1
i -1 3 -2 =2 . i
For the matrix A = 6 1 2 | answer the following questions.
0 0 -1

(1) Find the eigenvalues «, 8, of A where « has algebraic multiplicity 2.

(2) Find a basis of each eigenspace of A.

a 1 0 0
: 0 0
(3) Find a matrix P such that P~tAP = N
00 8 0
0 0 0 ~
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Problem 3

et C be the set of all complex numbers and let M3(C) be the set of all 3 x 3

matrices whose entries are complex numbers. Consider the matrix

A =

w O O
O
=

as a linear operator on €% by the matrix operation. We also denote by {¢,m) the
inner product of £,n7 € C3. When T' ¢ M5(C), T = 0 means that

(T€,6) =0

for any £ € C3, and T* is the conjugate transposed matrix of T. We define ker T

a8
ker T' = {¢€ ¢ C*|T¢ = 0}.

Then, answer the following questions.

(1) Find P € Ms(C) which satisfies the conditions P > 0 and P? = A*A.

(2) Find U € M;3(C) which satisfies the conditions A = UP, UU*U = U and
ker U = ker A.
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Problem 4

Let € be the set of all complex numbers, and put D = {a € C||a| < 1}. For
any a,b € D, define a & b as

a-t+b

a®b=177

by using arithmetic and conjugate operations of complex numbers. Then, answer

the following questions.

1)

Show a @ b ¢ ID.
1 i 242
F = — - — =
or a 2,5 2,c i
- respectively.

find the values a ® (b @ ¢) and (a ®b) D c,

For any a,b € I, express z € C as a function of two variables a and b

satisfying the condition

a®b=z{bda).

For any a,b,c € I, show the identity
a® (bdc)=(a®b) D (2c),

where z is given in (3).
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Problem 5

Let Qn {n 27 1) denote an n-dimentional hypercube graph with
VI(Qn) = {(as, .., aa)la € {0,1}} and E(Qn) = {ayldu(z,y) =1, 2,y € V(Qn)},

where dp,(z,y) = |{i]a; # b;:}| for two vertices x = {a1,...,a,) and y = (b1,..., bs).
Iere, |S| is the number of elements of a set S. Then, answer the following ques-

tions. -

(1) Evaluate the number of vertices and the number of edges of @), respectively.

(2) Prove that the distance between two vertices z and y of Q, equals dx(z, ).
Furthermore, evaluate the diameter of ..

(3) Prove that @, contains no odd .cycle.
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Problem 6

A random wvariable Y is related to a normal random variable- X with mean

and variance o2 through Y = e*. Then, answer the following questions.

(1) Obtain the probability density function fy(y) of Y. Note that the probability
density function fx(z) of X is given by '

fela) = g enp (-2 ‘

(2} Calculate the mean of Y.

(3) Calculate the median of V.

(4) Calculate the mode of Y.
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